Maximal entanglement of squeezed vacuum states 
via swapping with number-phase measurement 



Akira Kitagawajj and Katsuji Yamamoto[j 
Department of Nuclear Engineering, Kyoto University, Kyoto 606-8501, Japan 

(Dated: February 1, 2008) 

We propose a method to refine entanglement via swapping from a pair of squeezed vacuum states 
by performing the Bell measurement of number sum and phase difference. The resultant states 
are maximally entangled by adjusting the two squeezing parameters to the same value. We then 
describe the teleportation of number states by using the entangled states prepared in this way. 
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Recently, information technologies with quantum sys- 
tems have widely been investigated. Among these ad- 
vances, quantum teleportation was first proposed via a 
protocol by using a two-dimensional system ffl. This 
original protocol adopts internal degrees of freedom as 
Bell measurement variable, e.g., the polarization of light, 
while other protocols were proposed later to teleport the 
quadrature phase components [g, [| and the photon num- 
ber states H U H . Furthermore, the concept of entangle- 
ment swapping, which transfers entanglement from one 
system to another, appeared in the verification experi- 
ment of teleportation || . 

In this article, we address the quantum teleportation in 
the photon number states. Great efforts have been done 
so far theoretically and experimentally for the teleporta- 
tion of photon polarization (two dimensional) and that of 
quadrature components (infinite dimensional). Then, it 
may be desired as an important future step to realize the 
teleportation in more than two (but finite) dimensions. 
The photon number states seem to be very promising 
for such a teleportiation. The essential ingredients for 
teleportation are the EPR (Einstcin-Podolsky-Rosen) re- 
source and the Bell measurement. At present, squeezed 
vacuum states generated by parametric down conversion 
are used as EPR resource almost uniquely in the experi- 
ments utilizing photons, including the proposals of num- 
ber state teleportation j|, [| ||. Strictly speaking, how- 
ever, the squeezed vacuum state is not ideal, since it has 
non-uniform number distribution. Hence, the Fock space 
of number states should be restricted effectively to some 
finite dimensional subspace in order to prepare physically 
an ideal EPR resource for perfect teleportation. This is 
suitably achieved by the number sum measurement on 
two photon modes. Furthermore, the phase difference is 
conjugate to the number sum, as shown later, and they 
naturally provide the joint Bell measurement. 

In this way, it is realized that the number sum and 
phase difference measurements are essential for the multi- 
dimensional teleportation utilizing photons. We here for- 
mulate properly this Bell measurement by describing the 
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simultaneous eigenstates of the Hermitian operators of 
number sum and phase difference. Then, we propose a 
novel method to achieve the desired entanglement in the 
number basis. The Bell measurement plays a crucial role 
even for this purpose. Specifically, by performing the 
number-phase measurement on the relevant two photon 
modes, the EPR states with more favorable distribution 
can be obtained via swapping from a pair of squeezed vac- 
uum states. In particular, by adjusting the two squeezing 
parameters to the same value, we obtain the maximally 
entangled states via swapping (MESS) with uniform dis- 
tribution. These MESS's can be used for a reliable tele- 
portation protocol based on the number-phase Bell mea- 
surement. 

A two-mode squeezed vacuum state is given as 



|A) ab = (l-A 2 ) 
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where A is the squeezing parameter. This non-uniform 
distribution with A < 1 in Eq. ([!]) is attributed to the 
fact that the Fock space is infinite dimensional while the 
energy should be finite for the physical states. In con- 
trast, we will show in the following that the physical EPR 
state of maximal entanglement with uniform distribution 
may be obtained if the Fock space is effectively cut off at 
certain photon number. We begin with taking the Bell 
basis (a complete set of orthonormal entangled states) for 
the number sum and phase difference in the two-mode 
Fock space {|n a ) a |n b ) b } as: 



k=0 



where m = 0,l,...,JV mod N+l (\N,-l) ab = \N,N) ab , 
etc). The (N + l)-root to generate a Zjv+i is given by 



lon+i = exp [z27r/ (A + 1)] , (cjjv+i) 
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A certain phase factor a (\a\ = 1) is also intro- 
duced, which will be specified later. The transfor- 
mation matrix = [K +1 ) m af/VFTl in Eq. 
) is really unitary due to the completeness of the 



A+l)-roots 1, Wjv+i, . . . , wjy + 1- These orthonormal Bell 
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states \N,m) a b are maximally entangled with = 
1/y/N + 1, spanning the subspace {\N — k) a \k)b} with 
number sum N = n a + rif,. Hence, they serve promis- 
ingly as the basis for (N + l)-dimensional teleportation. 

It is here the essential point that these Bell states are 
maximally entangled even in terms of the phase states 
defined by Pegg and Barnett : 
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To derive this expression, we take the relations between 
the number states and the phase states {p = a,b), 
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The phases are defined with resolution 2ir/(N + 1) as 
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Here, the superscript (N,p) denotes the fact that these 
phase eigenvalues may include the arbitrary reference 
phases <I>q possibly depending on the resolutions (N) . 

By noting exp[i<f>m ] = (u>N+i) m exp[i<ji^ f,p ^] in substi- 
tuting Eq. (||) into Eq. (||) , the phase factor a is specified 
as 



a a b = exp[z(0Q 
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for reducing the phase factors coming from ^ 

<f>h N ' b) to the overall &cp[-i^ N ' a) N]. Then, Eq. (£ 
led by using the Zjy+i completeness with integer m, 
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(H), the Bell states are the simultaneous eigenstates of 
number sum and phase difference: 

N a+b \N,m) =N\N,m), (11) 
^b\N,m) =cj>£' a -V\N,m), (12) 

where the phase difference eigenvalues are given by 



L(N,a-b) 
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Since [(f>( N ' a '> — (f>( N ' b )} does not change the number sum 
N, it commutes with Pjy as required for the Hermitic- 
ity of the entire phase difference operator (f> a -b- These 
results clarify that in the subspace with number sum 
N the phase difference operator introduced by Luis and 
Sanchcz-Soto || indeed coincides with the difference of 
the phase operators of the individual modes a la Pegg 
and Barnett 0, while it is not separable in the entire 
two-mode Fock space. It is also obvious from Eqs. ( fTl| ) 
and ( |l^ ) that N a +b and <j> a -b are commutable: 



[N a+b , <j>a-b\ 
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Now we prepare a pair of squeezed vacuum states, 1-2 
system and 3-4 system, for entanglement and teleporta- 
tion. They can in fact be expressed in an entangled form 
via swapping (1-2, 3-4) — > (1-4, 2-3) as 

|A) u |A')s4 = (1-A 2 ) 1/2 (1-A' 2 ) 1/2 
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with the generalized Bell states including the ratio of the 
squeezing parameters r = A'/A, 
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The Bell measurement of number sum and phase dif- 
ference is represented by the Hermitian operators, 

oo 

N a+b = N a + N b , $ a -b = E ^ (Ar ' Q) - ft N ' b) ] p N- (10) 

N=0 

Here, cf)\ N > a ' and <f)^ N ^ are the phase operators on the 
modes a and 6, respectively, providing the eigenvalues 
of Eq. (0). The resolution 2tt/{N + 1) common to the 
modes a and b should be taken for the phase difference to 
be consistent with the number sum. The projection oper- 
ator P N extracts the states in the subspace {\N— k) a \k) b } 
with number sum N. As seen clearly from Eqs. (0) and 
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and by taking the completeness of 7>n+i for <f£w = 
^[k-k'lo as gi yen m Eq. ©• Then, the Bell states, max- 
imally entangled with A = A', are obtained in Eq. ( |l5| ) 
by performing the number-phase Bell measurement on 
the 2-3 system, as shown in Fig. |l] as a part of quantum 
teleportation with MESS: 



|A) 12 |A') 3 4 =► \N,-m)^ M \N,-m)i 



(18) 
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Classical channel 
Quantum channel 



Output state 
Bob 




FIG. 1: Quantum teleportation with MESS. Alice and Bob 
share MESS, which is prepared by Clare with the number- 
phase measurement. Alice also performs the number- phase 
measurement. Bob receives classically the messages from Al- 
ice and Clare, and performs the unitary transformation to 
reconstruct the target state. 



The probability to obtain the result (N, in) with A = A' 
in this Bell measurement is given from Eq. ( [TBI) by 
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The original squeezed vacuum states have the non- 
uniform distribution with weight oc (A™) 2 . In contrast, 
the resultant Bell states \N, — to)i4 with A = A' are 
maximally entangled, having the uniform distribution in 
(ni, ni) — (N — fc, k) of the modes 1 and 4. Hence, they 
provide the ideal EPR resource for the teleportation of 
photon number states, as shown in Fig. [I} The target 
state may generally be prepared as 



>T = ^c„|n) T . 



(20) 



Alice and Bob share the Bell state \N, —m)^ of the 1-4 
system, which is prepared by Clare with the number- 
phase measurement on the modes 2 and 3 giving the 
result (N,m). Then, Alice performs the number- phase 
measurement on the modes T and 1 giving the result 
(N',m'), and the output state in the mode 4 is left for 
Bob as 



W)out = iT{N',m'\W) T \N,-m)<3 
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with AN = N'-N,n = max[0, AN] and 
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Here, due to the condition < n—AN < N for the mode 
4, the sum is taken over the photon number n as 



0,... 

AN, 



, N' (N' < N) 
. . , N' (N'> N) 
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We have explicitly introduced Clare who prepares the 
EPR resource, since in the present method the entangled 
state is obtained depending on the result of Bell mea- 
surement. In contrast, it is usually the implicit recog- 
nition that one certain EPR resource, e.g., the singlet 
state of photon polarizations, is prepared automatically 
by some device, which is known preceding to a telepor- 
tation experiment. In any case, the information on the 
EPR resource should be told to Bob. 

Clare informs Bob what Bell state is prepared with 
the result (A'', m), and Alice tells Bob the result (N', to') 
of Bell measurement. Then, according to these clas- 
sical messages Bob performs a unitary transformation 
IV^out = UANUtplip'} out to reconstruct the original state 
as faithfully as possible. The phase 4>(N,m, N' ,m') can 
be removed by an operation with number operator as 



C/0 = exp[iN 4 (/)(N, to, N', to')] . 



(24) 



Then, the number shift of AA^ can be made by another 
operation with phase operator Q as 



Uan = exp[-ift max l N ' N '^AN]. 
As a result, the output state is obtained as 



(25) 
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That is, the number state teleportation is made as 

c„ (0 < n< oo) =>■ r n c n (max[0, AN] < n < N') (27) 

up to the physically irrelevant overall phase factor. In 
particular, by adjusting A = A' (r = 1), the target state 
is faithfully reproduced in the range of photon number 
to N' for the case of AN < (N' < N). In other- 
words , if the target state is prepared in the range to 
certain maximal number N, the probability for its suc- 
cessful teleportation with N < N' < N is given by 



Q(N,X) 



P{N,m,X) 
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We finally discuss possible experimental realizations 
of our method to prepare the MESS's and the number 
state teleportation with them (A = A' for definiteness). 
The case oi N = N' = 1 may be regarded as the basis- 
reduced version of the scheme of Bennett et al [EJ. In 
fact, we have the two Bell states \N' = l,mf = 0)n and 
\N' = 1, to' = 1)it rather than four. The number of Bell 
states is reduced by half if only the EPR resource with 
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N = 1 is used upon the Bell measurement by Clare. The 
number-phase measurement can be realized for N = 1 
with beam splitter and phase shift generating a unitary 
transformation of the modes 2 and 3 as 

By taking c = l/y/2, s = l/y/2, T] = -1, £ = 1, the Bell 
states (N — 1, m = 0, 1) are transformed as 

11,0)23 = 11)2/10)3', |1,1)23 = |0) 2 '|1>3'. (30) 

Then, by making the single photon countings on the 
modes 2' and 3', we can identify either of the Bell states 
with N — 1, obtaining the EPR resource 1 1, 0) 14 or 
1 1, 1)14. The same technique can be used on the modes T 
and 1, and teleportation of aqubit |^)x = co|0)t + ci|1)t 
is completed in the probability P(l,m, A) = (1 — A 2 ) 2 A 2 
(e.g., 0.14 for A = 0.5), as seen from Eq. (]2|) with fixed 
N = N' = 1. The other results of the photon counters are 
discarded for this minimal protocol. It is here interesting 
to mention that based on a similar idea an experimental 
result has been reported recently for the teleportation of 
the vacuum-one-photon qubit B . 

The Bell measurements may be done partially even 
for N — 2. The point is to introduce an ancilla mode a. 
Then, by making a series of unitary transformations such 
as in Eq. (j2|) among the modes 2, 3 and a, it is possible 
to realize that only the Bell state | TV" = 2, to = 0)23 |0)g 
has the component of |0) 2' 1 1)3' | , while the other Bell 
states I TV = 2, to = 1, 2) 23 10)^ do not. This means that 
if we observe the state |0)2' j 1)3' | l)a' with single photon 
detectors, we can identify at least | TV = 2, to = 0)23|0)a, 
producing the EPR resource |TV = 2, to = 0)14. The 



relevant parameters are taken for the sequential trans- 
formations as c = l/\/2, s — 1/V2, ?] = lj£ = 1 for (2a) 
-^c = y/2/3,s = 1/V3, 77 = 1,£= (l + i)/V^for (3a) -> 
c = a/378, s = -v/5/M = 1,£ = (3 + i)/VT0 for (23). 
This procedure may be extended for N > 2. 

We believe that the present analysis promotes the theo- 
retical and experimental efforts for the number sum and 
phase difference measurements, which are essential for 
realizing the (TV+ l)-dimensional entanglement and tele- 
portation utilizing photons. It is here notable that some 
ideas and attempts have appeared recently for the phase 
difference measurement |1(J ■ While the partial Bell mea- 
surements may be done with linear operations such as 
beam splitters and phase shifts, some non-linear opera- 
tions will be needed for the perfect Bell measurement, 
which is one of very challenging issues in the future for 
fundamental quantum physics. 

In summary, we have formulated the Bell measurement 
in the photon number basis by describing the simulta- 
neous eigenstates of number sum and phase difference. 
Then, we have proposed a novel method to refine entan- 
glement via swapping from a pair of squeezed vacuum 
states by performing this number-phase Bell measure- 
ment. By adjusting the two squeezing parameters to the 
same value, these states are maximally entangled. These 
MESS's can really be used for the reliable teleportation 
of number states based on the number-phase Bell mea- 
surement. We have also discussed some feasible experi- 
mental realizations of the number-phase measurement for 
preparing MESS's and performing teleportation utilizing 
them, where beam splitters with phase shifts and single 
photon counters may be used. 

The authors would like to thank M. Tada for valuable 
discussions. 



[1] C. H. Bennett, G. Brassard, C. Crepeau, R. Jozsa, 
A. Peres and W. K. Wootters, Phys. Rev. Lett. 70, 1895 
(1993). 

[2] S. L. Braunstein and H. J. Kimble, Phys. Rev. Lett. 80, 
869 (1998); L. Vaidman, Phys. Rev. A 49, 1473 (1994). 

[3] G. J. Milburn and S. L. Braunstein, Phys. Rev. A 60, 
937 (1999). 

[4] P. T. Cochrane, G. J. Milburn and W. J. Munro, Phys. 

Rev. A, 62, 062307 (2000). 
[5] P. T. Cochrane and G. J. Milburn, Phys. Rev. A, 64, 

062312 (2001). 

[6] J.- W. Pan, D. Bouwmeester, H. Weinfurter and 
A. Zeilinger, Phys. Rev. Lett. 80, 3891 (1998). 



[7] D. T. Pegg and S. M. Barnett, Phys. Rev. A 39, 1665 
(1989); S. M. Barnett and D. T. Pegg, Phys. Rev. A 42, 
6713 (1990). 

[8] A. Luis and L. L. Sanchez-Soto, Phys. Rev. A 48, 4702 
(1993). 

[9] E. Lombardi, F. Sciarrino, S. Popescu and F. De Martini, 
Phys. Rev. Lett. 88, 070402 (2002). 
[10] G. Bjork and J. Soderholm, J. Opt. B: Quantum Semi- 
class. Opt. 1, 315 (1999); A. Trifonov, T. Tsegaye, G. 
Bjork, J. Soderholm, E. Goober, M. Atatiire and A. V. 
Sergienko, J. Opt. B: Quantum Semiclass. Opt. 2, 105 
(2000). 



